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About nut graphs

A nut graph is a graph whose adjacency matrix is singular with one-dimensional
null space spanned by a vector with no zero entries.
Introduced by Sciriha and Gutman in 1998.
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Let x be a kernel eigenvector of I'. Then for each v € V(I): Z x(u)=0
A nut graph is connected, without leafs, non-bipartite. uel(v)

the local condition

What about symmetries in nut graphs?
N. Basi¢, P. W. Fowler, T. Pisanski: Vertex and edge orbits in nut graphs.

@ Theorem: I a nut graph: o.(I") > o,(I).
@ Theorem: Nut graphs with (o,,0.) = (1,2): for each even order n > 8.

@ Conjecture: Nut graph with (o,, 0.) = (2, 3): for each non-prime order n > 9.
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Let I' be a nut graph of odd order admitting G < Aut(I') with 2V and 3E orbits.

M =TV M =T[U]
— ,
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Some properties

Let I' be a nut graph of odd order admitting G < Aut(I') with 2V and 3E orbits.

M =Tr[v] 2 = TU]

m=1V| m=|U|
— ,
]

The valence condition: kiko = didb.

V’

Since nydy = nad,, we have that ged(nq, ny) > 1.
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I = 0(A1) x O(A,) M = O(A2) x O(As)

Let I =T(A1, A2, Az, Ay, As). Then I admits a subgroup of the automorphism group having
two vertex orbits and three edge orbits. Moreover, I is not a graph with (o,, 0e) = (2, 3) if and

only if there exists an automorphism of I, mapping some vertex from I'; to some vertex from ;.

Theorem
Let I =T(A1,A2,Z, Ag, As) be a graph of odd order and assume that O(A1) and O(A») are
non-singular. Then [ is a nut graph if and only if O(A4) and O(As) are non-singular,

O(A1 U Ay) is connected and T satisfies the valence condition.
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Let 'y and Iy be (multi)graphs and let I =T x I.

o If I'{ and Ny are both arc-transitive, then I is also arc-transitive.
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o ~N_ . _ 7 Non-singular, AT graphs A1, A2, A4, As
M = 0(A1) X O(Ay) M= 0O(A2) x O(As) A1 connected

A2 = A1 or Ay = nKY

Proposition

Let T = [(A1, Az, Az, A4, Ag). Then I admits a subgroup of the automorphism group having two vertex
orbits and three edge orbits. Moreover, I is not a graph with (o,, 0.) = (2, 3) if and only if there exists an

automorphism of ', mapping some vertex from 'y to some vertex from I, (ki + t # ko + m).

Let I =T (A1, A2, Z, A4, As) be a graph of odd order and assume that O(A1) and O(Ay) are
non-singular. Then I is a nut graph if and only if O(A4) and O(As) are non-singular,
O(A1 UA)) is connected and T satisfies the valence condition (kikp = mt).
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The first case: A; is of valence 2
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The first case: A; is of valence 2
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Corollary

Let n > 3 be an odd integer. There exists a nut graph with (o,, 0.) = (2,3) of
order ns for each

s € {3,5,7,11,13,29, 31,37, 41, 47,53, 59, 83,101, 103, 109, 127, 131,137, 139}.
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_ About nut graphs / Some properties / A general Construction / Results
The second case: A; of valence 4

= Cay(Zlg,; {:l:]., :t5}) /\4 = 3K10
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_ About nut graphs / Some properties / A general Construction / Results
The second case: A; of valence 4

Corollary

Let n > 5 be an odd integer such that either n = 1 (mod 4) or n is not a prime.
Then there exists a nut graph with (o,, 0.) = (2,3) of order ns for each
s € {17,19,23,73,79,97,107,113}.

K. Rozman (IMFM, Slovenia) Nut graphs with (oy, 0e) = (2, 3) May 5, 2026 11/23
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_ About nut graphs / Some properties / A general Construction / Results
The third case: Ay of order p and even valence a, where

al(p—1)

M=Ki NM=11K> A=K  As=5K

10+10#1+1 10-1=1-10

K. Rozman (IMFM, Slovenia) Nut graphs with (oy, 0e) = (2, 3) May 5, 2026 14 /23
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Computational data up to order one million

N #odd non-prime int.  #not covered  %not covered
1000 332 0 0
2500 883 0 0
5000 1831 2 0.00109

100000 40408 46 0.00113
500000 208462 227 0.00108
600000 250902 267 0.00106
700000 293457 317 0.00108
800000 336049 364 0.00108
900000 378726 417 0.00110
1000000 421502 457 0.00108

The first few remaining orders (up to 10000):

2839, 4313,
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A note-worthy example

Figure: An example of a nut graph with the parameter 6-tuple (5,4, 12,30, 6, 2).
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Thank you!
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