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Computers in Scientific Discovery

1. Sage (or SageMath)

2. benzene (Brinkmann & Caporossi, 2007) for fast, complete
generation of benzenoids

3. Conjecturing (L. & Van Cleemput, 2016)



Ghent Combinatorial Structure Generation



Ghent Combinatorial Structure Generation



Patrick’s Question

Which benzenoids with h hexagonal faces have maximum nullity η?

Benzene has η = 0, Phenalene has η = 1.



Gutman & Cyvin, 1989



Facts about Benzenoids

1. Bounded region of the hexagonal lattice.

2. Bipartite.

3. Pairing theorem implies that if λ is an eigenvalue then −λ is
an eigenvalue.

4. Any with odd order have a 0 eigenvalue (η > 0).

5. Kőnig-Egerváry Theorem implies independence number α plus
the matching number µ equals the order n (α+ µ = n).



Even-order Benzenoids can have η > 0

Triangulene with odd order and η = 1,

Two fused phenalenes with even order and η = 2.



Computer Search for more Examples

n = 18, h = 5, η = 1.



Computer Search for more Examples



Inner Duals



A Conjecture

Patrick’s idea: edge fusions of phenalenes and triangulenes might
maximize nullity for a given number of hexagons.

What can we prove?



A Formula for Nullity

Fajtlowicz, John and Sachs (2005) proved that η = α− µ, where α
is the independence number and µ is the matching number.

The black vertices are a maximum independent set.



Color Excess

Let the partite sets be B and W (assume |B| ≥ |W |). The color
excess is ∆ = |B| − |W |.



Color Excess

Let the partite sets be B and W (assume |B| ≥ |W |). The color
excess is ∆ = |B| − |W |.

If |B| > |W | there can’t be a perfect matching. The
Kőnig-Egerváry Theorem implies α > µ and α− µ > 0.

So, ∆ is related to nullity η (∆ > 0 implies η > 0).

(Fasel, Empa, 2019). But some benzenoids have ∆ = 0 and
η = α− µ > 0.



Color Excess

Brunvoll, Cyvin, and Gutman (1988) proved that ∆ ≤ ⌊h3⌋, where
h is the number of hexagons.

They define the class of TP benzenoids.

And prove for these graphs ∆ = ⌊h3⌋.



Color Excess

Brunvoll, Cyvin, and Gutman proved that ∆ ≤ ⌊h3⌋, where h is the
number of hexagons.

Patrick’s intuition was that these should be the nullity-maximizing
benzenoids. Computational experiments confirmed this.



Color Excess vs. Nullity

But ∆ ̸= η in general: this example has ∆ = 0, and η = 2.

So what can be said?



Color Excess vs. Nullity

For any bipartite graph with bipartition (B,W ) (|B| ≥ |W |), we
have

α ≥ |B| ≥ |W | ≥ µ.

So,
η = α− µ ≥ |B| − |W | = ∆.



Color Excess vs. Nullity

If we can prove,

∆ ≤ η = α− µ ≤ ⌊h
3
⌋.

for any benzenoid, then we’d have the class of TP graphs are in
fact nullity-maximizing.



Nullity of TP Benzenoids

1. The triangulenes Tk (including phenalene and triangulene)
have unique maximum independent sets and can be fused to
maintain this property (Pepper, 2008).

2. Let TP3 and TP6 be TP benzenoids with 3 or 6 hexagons.
These have unique maximum independent sets and α−µ = h

3 .

3. Let TP3k be the TP benzenoids which are 2-2 edge fusions of
TP3r and TP3s (3r + 3s = 3k). These have unique maximum
independent sets and α− µ = h

3 .



Nullity of TP-1 Benzenoids

1. A TP-1 benzenoid G is a benzenoid formed by the 2-2 edge
fusion of benzene H to a TP benzenoid G − H (in the inner
dual this will be a pendant vertex).

2. These have unique independent sets.

3. η = α− µ remains unchanged.

4. α(G )− µ(G ) = α(G − H)− µ(G − H) = h(G−H)
3 = ⌊h(G)

3 ⌋.



Nullity of TP-2 Benzenoids

1. A TP-2 benzenoid G is a benzenoid formed by the 2-2 edge
fusion of benzene H to a TP-1 benzenoid G − H (with 4 new
degree-2 vertices) or a fusion of benzene into a bay region
(with 2 new degree-2 vertices).

2. These have unique independent sets.

3. η = α− µ remains unchanged.

4. α(G )− µ(G ) = α(G −H)− µ(G −H) = ⌊h(G−H)
3 ⌋ = ⌊h(G)

3 ⌋.



Proof of the Nullity Bound



Proof of the Nullity Bound

1. Assume α− µ ≤ h
3 for benzenoids with fewer than h

hexagons, and let G be a benzenoid with h hexagons.

2. If G is a 2-2 edge fusion (has a cut edge in its inner dual)
with sub-benzenoids B1 and B2,

α(B1)− µ(B1) ≤
h(B1)

3
and

α(B2)− µ(B2) ≤
h(B2)

3
implies

α(G )− µ(G ) ≤ h(G )

3
.



Proof of the Nullity Bound

3. If G has only degree-2 and degree-4 vertices in its inner dual
then G is in the triangulene family and α(G )− µ(G ) ≤ h(G)

3 .

4. If G has a degree-3 vertex in its inner dual then there is a
hexagon H with 2 unique degree-2 vertices. By assumption,

α(G − H)− µ(G − H) ≤ h(G − H)

3
.

As H adds no more than a single vertex to any maximum
independent set and adds a single edge to every maximum
matching, we have

α(G )− µ(G ) ≤ α(G −H)− µ(G −H) ≤ h(G − H)

3
≤ h(G )

3
.



Characterization of Benzenoids with Maximum Nullity

Conjecture: A benzenoid G has maximum nullity among
benzenoids with h hexagons if and only if G is TP, TP-1, or TP-2.

Proved: If G is TP, TP-1, or TP-2 then nullity is maximized (and
equals ⌊h3⌋).



Characterization of Benzenoids with Maximum Nullity

1. Small benzenoids with α− µ = h
3 are TP.

2. Assume this is true for benzenoids with fewer than h hexagons.

3. Let G be a benzenoid with h hexagons, and
α(G )− µ(G ) = h(G)

3 .

4. The inner dual cannot have a pendant vertex.

5. G cannot have a degree-3 vertex in the inner dual.

6. (Case: no cut edges in the inner dual). Then G has only
degree-2 and degree-4 vertices in the inner dual and is in the
triangulene class. So its in phenalene or triangulene.

7. (Case: there is a cut edge in the inner dual). G is two
benzenoids B1 and B2 fused at a 2-2 edge. It can be shown
that it must be that α(B1)− µ(B1) =

h(B1)
3 and

α(B2)− µ(B2) =
h(B2)

3 with a proper fusion.

8. The inductive hypothesis implies B1 and B2 are TP and then
G is TP.



Characterization of Benzenoids with Maximum Nullity

Theorem: A benzenoid G has maximum nullity among benzenoids
with h = 3k hexagons if and only if G is TP,



Conjectures



Conjectures



Thank You!

Automated Conjecturing in Sage:
http://nvcleemp.github.io/conjecturing/

clarson@vcu.edu

http://nvcleemp.github.io/conjecturing/

